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ȺɇɈɌȺɐȱə  ɁɪɨɡɜɢɬɤɨɦɫɭɱɚɫɧɨɝɨɫɭɫɩɿɥɶɫɬɜɚɡɪɨɫɬɚɽɿɧɬɟɪɟɫɞɨɟɧɟɪɝɨɨɳɚɞɧɢɯɬɚɛɟɡɜɿɞɯɨɞɧɢɯɬɟɯɧɨɥɨɝɿɣɈɞɧɢɦɢɡ
ɬɚɤɢɯɽɦɟɦɛɪɚɧɧɿɩɪɨɰɟɫɢɚɫɚɦɟɩɟɪɜɚɩɨɪɚɰɿɹɹɤɚɞɨɡɜɨɥɹɽɪɨɡɞɿɥɹɬɢɫɭɦɿɲɿɧɚɨɤɪɟɦɿ©ɱɢɫɬɿª ɤɨɦɩɨɧɟɧɬɢȼɞɚɧɿɣ
ɫɬɚɬɬɿ ɩɪɟɞɫɬɚɜɥɟɧɨ ɚɧɚɥɿɡ ɨɫɨɛɥɢɜɨɫɬɟɣ ɦɚɫɨɨɛɦɿɧɧɢɯ ɩɪɨɰɟɫɿɜ ɩɪɢ ɩɟɪɜɚɩɨɪɚɰɿɣɧɨɦɭ ɪɨɡɞɿɥɟɧɧɿ ɪɿɞɤɢɯ ɨɪɝɚɧɿɱɧɢɯ
ɫɭɦɿɲɟɣ Ɂɚɩɪɨɩɨɧɨɜɚɧɚ ɦɚɬɟɦɚɬɢɱɧɚ ɦɨɞɟɥɶ ɩɪɨɰɟɫɭ ɬɚ ɫɮɨɪɦɭɥɶɨɜɚɧɿ ɩɨɱɚɬɤɨɜɿ ɿ ɝɪɚɧɢɱɧɿ ɭɦɨɜɢ ɉɨɤɚɡɚɧɨɳɨ
ɜɢɪɿɲɟɧɧɹ ɞɚɧɨʀ ɦɚɬɟɦɚɬɢɱɧɨʀ ɦɨɞɟɥɿ  ɞɨɡɜɨɥɹɽ ɡɧɚɣɬɢ  ɬɚɤɢɣ ɬɟɯɧɨɥɨɝɿɱɧɢɣ ɪɟɠɢɦ ɩɪɢ ɹɤɨɦɭ ɦɚɤɫɢɦɚɥɶɧɨ
ɪɟɚɥɿɡɭɸɬɶɫɹɦɨɠɥɢɜɨɫɬɿɦɟɦɛɪɚɧɢɚɟɧɟɪɝɟɬɢɱɧɿɡɚɬɪɚɬɢɧɚɩɪɨɰɟɫɽɦɿɧɿɦɚɥɶɧɢɦɢ 
Ʉɥɸɱɨɜɿɫɥɨɜɚ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ABSTRACT Object. Theoretical studies of pervaporation separation of water -organic mixture by mathematical modeling of 
process. 
Design. Methodology. Approach. The current state of the problem, namely the existing mathematical model of membrane processes 
had been analyzed. After analysis of features of pervaporation purification process the mathematical model was formulated.  The 
mathematical model describes the pervaporation of organic liquid component through the non-porous membrane in a circular cross 
section channel. Initial and boundary conditions for this mathematical model had been recorded. Without these conditions the 
solution is impossible  
Conclusions. Solution of the equations of mathematical model with the initial and boundary conditions allows to determine the 
concentration distribution of liquid flow which passes the membrane, and also though the membrane thickness depending on the size 
of the membrane, the modes of motion of initial  and gas-vapor mixture, the concentration of organic impurities in initial and gas-
vapor mixture. A mathematical model allows to finding a mode of operating of unit at which completely realized possibilities of 
membranes and minimized the cost of liquid heating and condensate cooling.  
In further the research of experimental studies of pervaporation process are planned to continue, to confirm the results obtained by 
mathematical modeling.  
Keyword SHUYDSRUDWLRQ PHPEUDQH SURFHVVHV ©SXUHª FRPSRQHnt, mathematical model, division of mixtures, water -organic 
mixture. 
 
ȼɫɬɭɩ 
 
ɇɚ ɫɶɨɝɨɞɧɿ ɡɪɨɫɥɚ ɤɿɥɶɤɿɫɬɶ ɝɚɥɭɡɟɣ ɜ ɹɤɢɯ
ɩɨɬɪɟɛɭɽɬɶɫɹ ɜɢɞɿɥɟɧɧɹ ɨɤɪɟɦɢɯ ɤɨɦɩɨɧɟɧɬɿɜ
ɧɚɣɱɚɫɬɿɲɟ ɨɪɝɚɧɿɱɧɢɯ ɡ ɦɿɧɿɦɚɥɶɧɢɦɢ
ɟɧɟɪɝɟɬɢɱɧɢɦɢɬɚɟɤɨɧɨɦɿɱɧɢɦɢɡɚɬɪɚɬɚɦɢ [1]. 
Ɉɞɧɿɽɸ ɡ ɬɚɤɢɯ ɽ  ɮɚɪɦɚɰɟɜɬɢɱɧɚ ɝɚɥɭɡɶ
Ɋɨɡɝɥɹɧɟɦɨ ɜɢɪɨɛɧɢɰɬɜɨ ɥɿɤɚɪɫɶɤɢɯ ɡɚɫɨɛɿɜ  ɤɨɬɪɟ ɽ
ɫɤɥɚɞɧɢɦɛɚɝɚɬɨɫɬɚɞɿɣɧɢɦɩɪɨɰɟɫɨɦȾɨɣɨɝɨɫɤɥɚɞɭ
ɦɨɠɭɬɶ ɜɯɨɞɢɬɢ ɪɿɡɧɨɦɚɧɿɬɧɿ ɫɬɚɞɿʀ ɧɟɨɪɝɚɧɿɱɧɨɝɨ
ɯɿɦɿɱɧɨɝɨ ɫɢɧɬɟɡɭ ɿ ɨɪɝɚɧɿɱɧɨɝɨ ɫɢɧɬɟɡɭ   ɡ
ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɦɿɤɪɨɛɿɨɥɨɝɿɱɧɢɯ ɩɪɨɰɟɫɿɜ Ɍɚɤɢɦ
ɱɢɧɨɦ  ɜɨɞɚ ɜɢɤɨɪɢɫɬɨɜɭɽɬɶɫɹ ɭ ɜɫɿɯ ɫɬɚɞɿɹɯ ȼ
ɪɟɡɭɥɶɬɚɬɿ ɜɢɤɨɧɚɧɧɹ ɰɢɯ ɟɬɚɩɿɜ ɜɢɪɨɛɧɢɰɬɜɚ
ɭɬɜɨɪɸɸɬɶɫɹɫɬɿɱɧɿɜɨɞɢ ɮɚɪɦɚɰɟɜɬɢɱɧɨʀ  ɝɚɥɭɡɿɞɨ
ɹɤɢɯɩɨɬɪɚɩɥɹɸɬɶɦɿɧɟɪɚɥɶɧɿɫɨɥɿɜɿɥɶɧɿɤɢɫɥɨɬɢɬɚ
ɥɭɝɢ ɜɢɪɨɛɧɢɱɿ ɧɚɩɿɜɩɪɨɞɭɤɬɢ  ɬɚ ɜɟɥɢɱɟɡɧɚ ɝɪɭɩɚ
ɨɪɝɚɧɿɱɧɢɯɿɧɟɨɪɝɚɧɿɱɧɢɯɩɪɨɞɭɤɬɿɜɿɧɚɩɿɜɩɪɨɞɭɤɬɿɜ
[2, 3]. 
ɋɥɿɞɜɿɞɦɿɬɢɬɢɳɨɧɟɬɿɥɶɤɢɫɬɿɱɧɿɜɨɞɢɚɥɟɣ
ɰɿɥɶɨɜɿ ɩɪɨɞɭɤɬɢ ɚɛɨ ɧɚɩɿɜɮɚɛɪɢɤɚɬɢ ɩɟɜɧɢɯ ɫɬɚɞɿɣ
ɜɢɪɨɛɧɢɰɬɜɚ ɥɿɤɚɪɫɶɤɢɯ ɡɚɫɨɛɿɜ ɦɨɠɧɚ ɨɱɢɳɚɬɢ ɡɚ
ɞɨɩɨɦɨɝɨɸ ɦɟɦɛɪɚɧɧɢɯ ɦɟɬɨɞɿɜ Ɋɨɡɞɿɥɟɧɧɹ ɬɚɤɢɦ
ɫɩɨɫɨɛɨɦ ɞɨɡɜɨɥɢɬɶ  ɤɪɿɦ ɨɱɢɫɬɤɢ ɜɢɯɿɞɧɨʀ ɜɨɞɧɨʀ
ɫɭɦɿɲɿɜ ɡɚɝɚɥɶɧɨɦɭɜɢɩɚɞɤɭɧɟɨɛɨɜ¶ɹɡɤɨɜɨɜɨɞɧɨʀ
ɜɢɞɿɥɹɬɢ ɨɤɪɟɦɿ ɯɿɦɿɱɧɿ ɡ¶ɽɞɧɚɧɧɹ  ɚ ɫɚɦɟ ɨɪɝɚɧɿɱɧɿ
ɪɨɡɱɢɧɧɢɤɢɹɤɿɦɨɠɭɬɶɛɭɬɢɩɨɜɬɨɪɧɨɜɢɤɨɪɢɫɬɚɧɿɭ
ɜɢɪɨɛɧɢɱɨɦɭɰɢɤɥɿ>2, 4]. 
ɉɟɪɜɚɩɨɪɚɰɿɣɧɨɦɭ ɨɱɢɳɟɧɧɸ ɩɿɞɥɹɝɚɸɬɶ
ɫɬɿɱɧɿ ɜɨɞɢ ɹɤɿ ɦɿɫɬɹɬɶ ɭ ɫɜɨɽɦɭ ɫɤɥɚɞɿ ɨɪɝɚɧɿɱɧɿ
ɪɨɡɱɢɧɧɢɤɢ Ɍɚɤɿ ɜɨɞɢ ɩɨɫɬɭɩɚɸɬɶ ɭ ɦɟɦɛɪɚɧɧɿ
ɚɩɚɪɚɬɢ ɳɨ ɫɤɥɚɞɚɸɬɶɫɹ ɡ ɩɨɥɿɦɟɪɧɢɯ ɬɪɭɛɨɤ
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ɜɢɝɨɬɨɜɥɟɧɢɯ ɡ ɦɚɬɟɪɿɚɥɿɜ  ɹɤɿ ɦɚɸɬɶ ɜɥɚɫɬɢɜɿɫɬɶ
ɜɢɛɿɪɤɨɜɨɫɟɥɟɤɬɢɜɧɨ ɩɪɨɩɭɫɤɚɬɢ ɱɟɪɟɡ ɫɜɨʀ ɫɬɿɧɤɢ
ɩɟɜɧɿɨɪɝɚɧɿɱɧɿɪɟɱɨɜɢɧɢ  ɹɤɿɧɚɩɪɨɬɢɥɟɠɧɨɦɭɛɨɰɿ
ɫɬɿɧɤɢ ɦɟɦɛɪɚɧɢ ɜɢɩɚɪɨɜɭɸɬɶɫɹ ɭ ɜɿɥɶɧɢɣ ɦɿɠ
ɦɟɦɛɪɚɧɧɢɣ ɩɪɨɫɬɿɪɉɪɨɰɟɫ ɩɟɪɜɚɩɨɪɚɰɿʀ ɩɪɨɯɨɞɢɬɶ
ɡɚɪɚɯɭɧɨɤɞɢɮɭɡɿʀɨɪɝɚɧɿɱɧɨʀɪɟɱɨɜɢɧɢɡɩɨɜɟɪɯɧɿɳɨ
ɤɨɧɬɚɤɬɭɽɡɪɿɞɤɨɸɮɚɡɨɸɧɚɩɨɜɟɪɯɧɸɳɨɤɨɧɬɚɤɬɭɽ
ɡɝɚɡɨɜɨɸ [5]. 
ɉɟɪɟɜɚɠɧɚ ɛɿɥɶɲɿɫɬɶ ɞɨɫɥɿɞɠɟɧɶ  ɦɟɦɛɪɚɧɧɢɯ
ɩɪɨɰɟɫɿɜɫɬɨɫɭɽɬɶɫɹɧɨɜɢɯɦɚɬɟɪɿɚɥɿɜɞɥɹɦɟɦɛɪɚɧɬɚ
ʀɯ ɦɨɞɢɮɿɤɚɰɿʀ [6,7]. ɉɢɬɚɧɧɹ ɦɚɬɟɦɚɬɢɱɧɨɝɨ
ɦɨɞɟɥɸɜɚɧɧɹ ɩɪɨɰɟɫɭ ɩɟɪɜɚɩɨɪɚɰɿʀ ɪɨɡɝɥɹɞɚɽɬɶɫɹ
ɩɟɪɟɜɚɠɧɨ ɭ ɡɚɤɨɪɞɨɧɧɢɯ ɩɭɛɥɿɤɚɰɿɹɯ  Ⱥɧɚɥɿɡ
ɡɚɤɨɪɞɨɧɧɢɯ  ɩɭɛɥɿɤɚɰɿɣ >8,9,10@  ɩɨɤɚɡɭɽ ɳɨ
ɛɿɥɶɲɿɫɬɶ ɦɚɬɟɦɚɬɢɱɧɢɯ ɦɨɞɟɥɟɣ  ɩɪɢɫɜɹɱɟɧɿ
ɦɨɞɟɥɸɜɚɧɧɸ ɩɪɨɰɟɫɭ ɩɟɪɜɚɩɨɪɚɰɿʀ ɞɥɹ ɜɢɞɿɥɟɧɧɹ
ɨɞɧɨɝɨ ɤɨɦɩɨɧɟɧɬɚ ɡ ɪɿɞɢɧɢ ɫɭɦɿɲɿ ɚɛɨ
ɩɪɟɞɫɬɚɜɥɹɸɬɶ ɦɨɞɟɥɿ ɪɨɡɱɢɧɟɧɧɹ ɡ ɧɚɫɬɭɩɧɢɦ
ɞɢɮɭɡɿɣɧɢɦ ɩɪɨɯɨɞɠɟɧɧɹɦ ɤɨɦɩɨɧɟɧɬɚ ɤɪɿɡɶ
ɦɟɦɛɪɚɧɭ 
ȼɫɬɚɬɬɿ>11@ɩɪɟɞɫɬɚɜɥɟɧɚɦɚɬɟɦɚɬɢɱɧɚɦɨɞɟɥɶ
ɩɪɨɰɟɫɭ ɩɟɪɜɚɩɨɪɚɰɿʀ ɛɿɧɚɪɧɢɯ ɫɭɦɿɲɟɣ ɹɤɚ ɨɩɢɫɭɽ
ɫɢɬɭɚɰɿɸ ɜ ɤɚɧɚɥɿɦɟɦɛɪɚɧɿ ɩɪɹɦɨɤɭɬɧɨɝɨ ɩɟɪɟɪɿɡɭ
Ⱦɚɧɚ ɦɨɞɟɥɶ ɪɨɡɝɥɹɞɚɽ ɧɚ ɪɹɞɭ ɡ ɦɚɫɨɨɛɦɿɧɧɢɦɢ
ɩɪɨɰɟɫɚɦɢ ɿ ɬɟɩɥɨɜɿ ɿ ɨɫɬɚɬɨɱɧɨ ɡɚɩɢɫɭɽɬɶɫɹ ɭ
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ɉɨɤɚɡɚɧɨ ɳɨ ɪɨɡɜ¶ɹɡɚɧɧɹ ɪɿɜɧɹɧɶ ɩɪɢ
ɩɨɱɚɬɤɨɜɢɯ ɿ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜɚɯ ɞɨɡɜɨɥɢɬɶ ɜɢɡɧɚɱɢɬɢ
ɪɨɡɩɨɞɿɥ ɬɟɦɩɟɪɚɬɭɪ ɿ ɤɨɧɰɟɧɬɪɚɰɿɣ ɩɨ ɬɨɜɳɢɧɿ
ɦɟɦɛɪɚɧɢ ɜ ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɪɨɡɦɿɪɿɜ ɦɟɦɛɪɚɧɢ
ɪɟɠɢɦɿɜ ɪɭɯɭ ɜɢɯɿɞɧɨʀ ɬɚ ɩɚɪɨɝɚɡɨɜɨʀ ɫɭɦɿɲɿ
ɬɟɦɩɟɪɚɬɭɪɢ ɜɢɯɿɞɧɨʀ ɬɚ ɩɚɪɨɝɚɡɨɜɨʀ ɫɭɦɿɲɿ
ɤɨɧɰɟɧɬɪɚɰɿʀ ɨɪɝɚɧɿɱɧɨʀ ɞɨɦɿɲɤɢ ɜ ɜɢɯɿɞɧɿɣ ɬɚ
ɩɚɪɨɝɚɡɨɜɿɣ ɫɭɦɿɲɿ ɇɚɠɚɥɶ ɞɚɧɚ ɦɨɞɟɥɶ  ɧɟ ɦɨɠɟ
ɛɭɬɢɜɢɤɨɪɢɫɬɚɧɚɞɥɹɨɩɢɫɚɧɧɹɩɪɨɰɟɫɭɫɨɪɛɰɿʀɬɨɦɭ
ɳɨ ɜɨɧɚ ɧɟ ɜɪɚɯɨɜɭɽ ɪɨɡɛɭɯɚɧɧɹ ɟɥɟɦɟɧɬɭ ɿ ɭɦɨɜɢ
ɨɞɧɨɡɧɚɱɧɨɫɬɿɞɚɧɨɝɨɩɪɨɰɟɫɭ 
ȼ ɫɬɚɬɬɿ >12@ ɨɩɢɫɭɽɬɶɫɹ ɩɪɨɰɟɫ ɜɢɡɧɚɱɟɧɧɹ
ɤɨɟɮɿɰɿɽɧɬɚ ɞɢɮɭɡɿʀ  Ⱦɚɧɚ ɦɚɬɟɦɚɬɢɱɧɚ ɦɨɞɟɥɶ
ɡɚɩɢɫɚɧɚɞɥɹɩɪɹɦɨɤɭɬɧɨʀɫɢɫɬɟɦɢɤɨɨɪɞɢɧɚɬɿɹɤɜ
ɩɨɩɟɪɟɞɧɿɣɦɨɞɟɥɿɧɟɜɪɚɯɨɜɭɽɬɶɫɹɪɨɡɛɭɯɚɧɧɹ 
ȼ ɫɬɚɬɬɿ >13@ ɨɩɢɫɚɧɨ   ɦɚɬɟɦɚɬɢɱɧɭ  ɦɨɞɟɥɶ
ɩɪɨɰɟɫɭ ɫɨɪɛɰɿʀ ɨɪɝɚɧɿɱɧɨʀ ɪɿɞɢɧɢ ɩɨɥɿɦɟɪɧɢɦ
ɦɟɦɛɪɚɧɧɢɦɟɥɟɦɟɧɬɨɦɚɞɫɨɪɛɟɧɬɨɦ 
Ɇɚɬɟɦɚɬɢɱɧɚɦɨɞɟɥɶɡɚɩɢɫɭɽɬɶɫɹɹɤ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ɇɚɜɟɞɟɧɚɜɢɳɟɦɚɬɟɦɚɬɢɱɧɚɦɨɞɟɥɶɨɩɢɫɭɽ
ɦɚɫɨɨɛɦɿɧɧɭɨɛɫɬɚɧɨɜɤɭɜɚɩɚɪɚɬɿɡɧɟɪɭɯɨɦɢɦ
ɲɚɪɨɦɚɞɫɨɪɛɟɧɬɭɜɞɚɧɨɦɭɜɢɩɚɞɤɭ± ɦɟɦɛɪɚɧɧɿ
ɟɥɟɦɟɧɬɢɩɿɞɱɚɫɪɨɡɞɿɥɟɧɧɹɜɨɞɧɨ-ɨɪɝɚɧɿɱɧɢɯ
ɫɭɦɿɲɟɣɆɨɞɟɥɶɜɪɚɯɨɜɭɽɪɨɡɛɭɯɚɧɧɹɚɞɫɨɪɛɟɧɬɭɜ
ɩɪɨɰɟɫɿɫɨɪɛɰɿʀɨɪɝɚɧɿɱɧɨʀɪɿɞɢɧɢ 
 
Ɇɟɬɚɫɬɚɬɬɿ 
 
Ɇɟɬɨɸ ɫɬɚɬɬɿ ɽ ɬɟɨɪɟɬɢɱɧɟ ɞɨɫɥɿɞɠɟɧɧɹ
ɩɟɪɜɚɩɨɪɚɰɿɣɧɨɝɨɪɨɡɞɿɥɟɧɧɹɜɨɞɧɨ-ɨɪɝɚɧɿɱɧɨʀɫɭɦɿɲɿ
ɲɥɹɯɨɦɦɚɬɟɦɚɬɢɱɧɨɝɨɦɨɞɟɥɸɜɚɧɧɹɩɪɨɰɟɫɭ 
 
Ⱥɧɚɥɿɡɨɫɨɛɥɢɜɨɫɬɟɣɩɪɨɰɟɫɭ 
 
Ɋɨɡɝɥɹɧɟɦɨ ɩɪɨɰɟɫ ɩɟɪɜɚɩɨɪɚɰɿʀ ɨɪɝɚɧɿɱɧɨɝɨ
ɪɨɡɱɢɧɧɢɤɚ ɳɨ ɦɿɫɬɢɬɶɫɹ ɭ  ɫɬɿɱɧɿɣ ɜɨɞɿ  ɹɤɚ
ɩɨɞɚɽɬɶɫɹ ɜɫɟɪɟɞɢɧɭ ɦɟɦɛɪɚɧɢ ɪɢɫ  Ɇɟɦɛɪɚɧɚ
ɜɢɝɨɬɨɜɥɟɧɚɭɜɢɝɥɹɞɿɬɪɭɛɤɢɡɜɧɭɬɪɿɲɧɿɦɞɿɚɦɟɬɪɨɦ
dɜɧ ɿɡɨɜɧɿɲɧɿɦ± dɡɨɜɧ Ɇɟɦɛɪɚɧɚɜɫɟɪɟɞɢɧɿɩɨɜɧɿɫɬɸ
ɡɚɩɨɜɧɟɧɚ ɪɿɞɤɨɸ ɮɚɡɨɸ ɫɬɿɱɧɨɸ ɜɨɞɨɸ ɉɪɢ
ɤɨɧɬɚɤɬɿɡɚɛɪɭɞɧɟɧɨʀɜɨɞɢɡɜɧɭɬɪɿɲɧɶɨɸɩɨɜɟɪɯɧɟɸ
ɦɟɦɛɪɚɧɢɪɨɡɱɢɧɧɢɤɞɢɮɭɧɞɭɽɜɦɚɬɟɪɿɚɥɦɟɦɛɪɚɧɢ
Ɋɭɲɿɣɧɨɸ ɫɢɥɨɸ ɩɪɨɰɟɫɭ  ɩɟɪɟɧɨɫɭ ɪɨɡɱɢɧɧɢɤɚ ɽ
ɪɿɡɧɢɰɹ ɤɨɧɰɟɧɬɪɚɰɿʀ  ɹɤɚ ɩɪɢɡɜɨɞɢɬɶ ɞɨ ɪɭɯɭ
ɪɨɡɱɢɧɧɢɤɚ ɧɚ ɡɨɜɧɿɲɧɸ ɩɨɜɟɪɯɧɸ Ɂ ɡɨɜɧɿɲɧɶɨʀ
ɩɨɜɟɪɯɧɿ ɪɨɡɱɢɧɧɢɤ ɜɢɩɚɪɨɜɭɽɬɶɫɹ ɜ ɧɚɜɤɨɥɢɲɧɽ
ɫɟɪɟɞɨɜɢɳɟɹɤɢɣɩɪɟɞɫɬɚɜɥɹɽɩɚɪɨɝɚɡɨɜɭɫɭɦɿɲɹɤɚ
ɫɤɥɚɞɚɽɬɶɫɹ ɡ ɩɚɪɢ ɪɨɡɱɢɧɧɢɤɚ ɿ ɧɨɫɿɹ ɩɪɢɤɥɚɞ ± 
ɩɨɜɿɬɪɹ  ȼ ɩɪɨɰɟɫɿ ɩɟɪɜɚɩɨɪɚɰɿʀ ɤɨɧɰɟɧɬɪɚɰɿɹ
ɪɨɡɱɢɧɧɢɤɚ ɡɪɨɫɬɚɽ ɞɨ ɩɨɜɧɨɝɨ ɜɢɬɿɫɧɟɧɧɹ  ɧɨɫɿɹ ɡ
ɨɛ¶ɽɦɭɧɚɜɤɨɥɢɲɧɶɨɝɨɫɟɪɟɞɨɜɢɳɚ 
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ɉɪɨɰɟɫɜɢɥɭɱɟɧɧɹɪɨɡɱɢɧɧɢɤɚɡɫɬɿɱɧɨʀɜɨɞɢ
ɡɚɥɟɠɢɬɶɜɿɞ:  
- ɬɟɦɩɟɪɚɬɭɪɢ 
- ɪɟɠɢɦɭɪɭɯɭɪɿɞɢɧɢɜɫɟɪɟɞɢɧɿɬɪɭɛɤɢ 
- ɿɧɬɟɧɫɢɜɧɨɫɬɿ ɜɿɞɜɟɞɟɧɧɹ ɩɚɪɢ ɪɨɡɱɢɧɧɢɤɚ  ɡ
ɩɪɨɫɬɨɪɭɬɨɛɬɨɪɨɡɱɢɧɧɢɤɩɨɫɬɭɩɚɽɜɬɟɩɥɨɨɛɦɿɧɧɢɤ
ɞɟɜɿɞɛɭɜɚɽɬɶɫɹɩɪɨɰɟɫɤɨɧɞɟɧɫɚɰɿʀ 
ȱɧɬɟɧɫɢɮɿɤɚɰɿɹ ɩɪɨɰɟɫɭ ɩɟɪɜɚɩɨɪɚɰɿʀ
ɪɨɡɱɢɧɧɢɤɚ ɡɚɥɟɠɢɬɶ ɜɿɞ ɩɿɞɜɟɞɟɧɧɹ  ɣɨɝɨ ɡ ɪɿɞɤɨʀ
ɮɚɡɢ ɞɨ  ɜɧɭɬɪɿɲɧɶɨʀ ɩɨɜɟɪɯɧɿ  ɦɟɦɛɪɚɧɢ
ɩɟɪɟɧɟɫɟɧɧɹɪɨɡɱɢɧɧɢɤɚɱɟɪɟɡɦɟɦɛɪɚɧɭɿɜɿɞɜɟɞɟɧɧɹ
ɪɨɡɱɢɧɧɢɤɚɡɡɨɜɧɿɲɧɶɨʀɩɨɜɟɪɯɧɿɦɟɦɛɪɚɧɢ 
ɇɚɤɨɠɧɿɣɡɰɢɯɞɿɥɹɧɨɤɫɬɜɨɪɸɸɬɶɫɹ ɩɨɬɨɤɢ
ɦɚɫɢɪɨɡɱɢɧɧɢɤɚɿɧɚɣɤɪɚɳɢɦɜɜɚɠɚɽɬɶɫɹɬɚɤɿɭɦɨɜɢ
ɪɨɛɨɬɢɚɩɚɪɚɬɭɤɨɥɢɰɿɩɨɬɨɤɢɦɚɫɢɪɿɜɧɿ 
 
Ɏɨɪɦɭɥɸɜɚɧɧɹɦɚɬɟɦɚɬɢɱɧɨʀɦɨɞɟɥɿ 
 
ȼɢɪɿɲɟɧɧɹ ɦɚɬɟɦɚɬɢɱɧɨʀ ɦɨɞɟɥɿ ɞɨɡɜɨɥɹɽ
ɜɢɡɧɚɱɢɬɢ ɤɨɧɰɟɧɬɪɚɰɿɣɧɿ  ɩɨɥɹ ɨɪɝɚɧɿɱɧɨɝɨ
ɤɨɦɩɨɧɟɧɬɭɜɪɿɞɢɧɿɳɨɩɪɨɯɨɞɢɬɶɱɟɪɟɡɦɟɦɛɪɚɧɭɬɚ
ɜ ɫɚɦɿɣ ɦɟɦɛɪɚɧɿ ɚ ɬɚɤɨɠ  ɜɢɹɜɢɬɢ ɮɚɤɬɨɪɢ ɳɨ
ɜɩɥɢɜɚɸɬɶ ɧɚ ɲɜɢɞɤɿɫɬɶ ɜɢɞɿɥɟɧɧɹ ɨɪɝɚɧɿɱɧɨʀ
ɞɨɦɿɲɤɢ 
Ɇɟɦɛɪɚɧɧɢɣɟɥɟɦɟɧɬɦɚɽɮɨɪɦɭɩɨɪɨɠɧɢɫɬɨɝɨ
ɰɢɥɿɧɞɪɚɫɢɦɟɬɪɢɱɧɨɝɨɜɿɞɧɨɫɧɨɨɫɿ z  ɿɡ ɡɨɜɧɿɲɧɿɦ
ɞɿɚɦɟɬɪɨɦ ɡɨɜɧD  ɜɧɭɬɪɿɲɧɿɦ  ɜɧɭɬɪD  ɞɨɜɠɢɧɨɸ L  
( ɡɨɜɧL D!!  Ɍɚɤ ɹɤ ɦɟɦɛɪɚɧɧɢɣ ɟɥɟɦɟɧɬ ɦɚɽ
ɰɢɥɿɧɞɪɢɱɧɭ ɮɨɪɦɭ ɬɨ ɞɥɹ ɣɨɝɨ ɨɩɢɫɭ
ɜɢɤɨɪɢɫɬɨɜɭɽɦɨɰɢɥɿɧɞɪɢɱɧɭɫɢɫɬɟɦɭɤɨɨɪɞɢɧɚɬɜɿɫɶ
z - ɜɿɫɶ ɫɢɦɟɬɪɿʀ ɜɿɫɶ r  ɫɩɿɜɩɚɞɚɽ ɩɨ ɧɚɩɪɹɦɤɭ ɡ
ɪɚɞɿɭɫɨɦɚɜɿɫɶM - ɜɿɫɶɨɛɟɪɬɚɧɧɹɧɚɜɤɨɥɨɜɥɚɫɧɨʀɨɫɿ
ɰɢɥɿɧɞɪɚɤɭɬɨɜɚɤɨɨɪɞɢɧɚɬɚ 
ɉɪɢ ɮɨɪɦɭɥɸɜɚɧɧɿ ɦɚɬɟɦɚɬɢɱɧɨʀ ɦɨɞɟɥɿ
ɩɪɢɣɦɚɽɦɨɬɚɤɿɩɪɢɩɭɳɟɧɧɹ 
 ɜɧɭɬɪɿɲɧɿɣ ɨɛ¶ɽɦ ɦɟɦɛɪɚɧɧɨɝɨ ɟɥɟɦɟɧɬɭ
ɩɨɜɧɿɫɬɸɡɚɩɨɜɧɟɧɢɣɜɢɯɿɞɧɢɦɪɨɡɱɢɧɨɦ 
 ɪɭɯ ɪɿɞɢɧɢ ɳɨ ɡɧɚɯɨɞɢɬɶɫɹ ɜɫɟɪɟɞɢɧɿ
ɦɟɦɛɪɚɧɧɨɝɨ ɟɥɟɦɟɧɬɭ ɽ ɥɚɦɿɧɚɪɧɢɦ ɩɪɨɮɿɥɶ
ɲɜɢɞɤɨɫɬɟɣɩɨɜɧɿɫɬɸɪɨɡɜɢɧɟɧɢɦ 
ɩɪɨɰɟɫɿɡɨɬɟɪɦɿɱɧɢɣ 
 ɬɟɩɥɨɜɢɣ ɩɨɬɿɤ ɿ ɩɨɬɿɤ ɦɚɫɢ ɧɚɩɪɚɜɥɟɧɿ
ɜɡɞɨɜɠɨɫɿ r ; 
 ɝɪɚɞɿɽɧɬɢ ɲɜɢɞɤɨɫɬɟɣ ɿ ɤɨɧɰɟɧɬɪɚɰɿɣ ɜ
ɧɚɩɪɹɦɤɭM  ɜɿɞɫɭɬɧɿ 
ɦɟɦɛɪɚɧɚɦɚɽɿɡɨɬɪɨɩɧɭɫɬɪɭɤɬɭɪɭ 
Ɋɨɡɝɥɹɧɟɦɨ ɪɿɜɧɹɧɧɹ ɪɭɯɭ ɞɥɹ ɪɿɞɢɧɢ ɜ
ɫɟɪɟɞɢɧɿ ɦɟɦɛɪɚɧɢ ɜ ɭɦɨɜɚɯ ɥɚɦɿɧɚɪɧɨɝɨ ɪɟɠɢɦɭ 
Ɋɭɯ ɪɿɞɢɧɢ ɜ ɧɚɩɪɹɦɤɭ ɨɫɿ r  ɩɪɚɤɬɢɱɧɨ ɜɿɞɫɭɬɧɿɣ
ɨɬɠɟɡɧɚɱɟɧɧɹ
rW  ɦɨɠɧɚɜɜɚɠɚɬɢɛɥɢɡɶɤɢɦɞɨɧɭɥɹ
ɚ ɨɫɤɿɥɶɤɢ ɡɚɞɚɱɚ ɨɫɟɫɢɦɟɬɪɢɱɧɚ ɬɨ WM   ɬɚɤɨɠ
ɞɨɪɿɜɧɸɽ ɧɭɥɸ Ɂ ɭɪɚɯɭɜɚɧɧɹɦ ɩɪɢɩɭɳɟɧɶ ɪɿɜɧɹɧɧɹ
ɪɭɯɭɡɚɩɢɫɭɽɬɶɫɹ ɬɿɥɶɤɢɜɩɪɨɟɤɰɿʀɧɚɜɿɫɶ]ɚ ɬɚɤɨɠ
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ȼ ɭɦɨɜɚɯ ɥɚɦɿɧɚɪɧɨɝɨ ɪɭɯɭ ɪɿɞɢɧɢ
ɩɪɢɣɦɚɽɦɨ 0, 0
r
W WM    Ɉɩɿɪ ɩɟɪɟɧɨɫɭ ɦɚɫɢ ɡɚ
ɪɚɯɭɧɨɤ ɞɢɮɭɡɿʀ ɜ ɧɚɩɪɹɦɤɭ ɨɫɿ M   ɿ z  ɧɚɛɚɝɚɬɨ
ɛɿɥɶɲɢɣ ɧɿɠ ɜ ɧɚɩɪɹɦɤɭ ɨɫɿ r, 
ɩɪɢɣɦɚɽɦɨ 0; 0ɪ ɪɋ ɋ
zMw w  ww  ±  ɿ ɬɨɞɿ ɪɿɜɧɹɧɧɹ
ɤɨɧɜɟɤɬɢɜɧɨɝɨɦɚɫɨɩɟɪɟɧɨɫɭɩɪɢɣɦɚɽɜɢɞ 
 
1 ( )ɪ ɪz
ɋ ɋ
W D r
r r rWw w§ ·w ¨ ¸w w w© ¹ , 
ɚɛɨ 
2
2
1
.
ɪ ɪ ɪ
z
ɋ ɋ ɋD
W r rrW § ·w w w ¨ ¸¨ ¸w ww© ¹  
 
Ⱦɥɹ ɜɢɡɧɚɱɟɧɧɹ ɪɨɡɩɨɞɿɥɟɧɧɹ ɲɜɢɞɤɨɫɬɿ
z  W  
ɩɨɛɥɢɡɭ ɜɧɭɬɪɿɲɧɶɨʀ ɩɨɜɟɪɯɧɿ ɦɟɦɛɪɚɧɢ
ɫɤɨɪɢɫɬɚɽɦɨɫɹ ɦɟɬɨɞɢɤɨɸ >14@ Ⱦɥɹ ɰɶɨɝɨ ɡɚɩɢɲɟɦɨ
ɪɿɜɧɹɧɧɹɪɿɜɧɹɪɭɯɭɭɜɢɝɥɹɞɿ 
 
2
2
1z zW W p
r r zr
P § ·w w w  ¨ ¸w ww© ¹ . 
 
Ⱦɥɹ ɞɚɧɨɝɨ ɪɿɜɧɹɧɧɹ ɝɪɚɧɢɱɧɢɦɢ ɭɦɨɜɚɦɢ
ɛɭɞɭɬɶ 
0 .z ɜɧW ɩɪɢ ɜɫɿɯ U U   
 
ȼɢɪɿɲɢɜɲɢɧɚɜɟɞɟɧɟɪɿɜɧɹɧɧɹɦɢɨɬɪɢɦɚɽɦɨ
ɪɨɡɩɨɞɿɥɟɧɧɹ  ɲɜɢɞɤɨɫɬɟɣ ɜ ɩɨɩɟɪɟɱɧɨɦɭ ɩɟɪɟɪɿɡɿ
ɦɟɦɛɪɚɧɢ 
2 21(r) ( )
4z ɜɧ
pW r r
zP w w . 
 
ȼɢɤɨɪɢɫɬɚɜɲɢ ɜɢɪɚɡ ɞɥɹ ɜɢɡɧɚɱɟɧɧɹ  ɨɛ¶ɽɦɭ
ɪɿɞɢɧɢ ɹɤɚ ɩɪɨɯɨɞɢɬɶ ɱɟɪɟɡ ɩɨɩɟɪɟɱɧɢɣ ɩɟɪɟɪɿɡ
ɦɟɦɛɪɚɧɢ  ɿ ɡɞɿɣɫɧɢɜɲɢ ɜɿɞɩɨɜɿɞɧɿ ɩɟɪɟɬɜɨɪɟɧɧɹ
ɨɬɪɢɦɚɽɦɨɜɢɪɚɡɞɥɹɜɢɡɧɚɱɟɧɧɹɝɪɚɞɿɽɧɬɭɬɢɫɤɭ 
 
4
8
ɜɧ
p G
z r
PSUw  w . 
 
ɉɿɞɫɬɚɜɢɜɲɢ ɜɢɪɚɡ ɞɥɹ ɜɢɡɧɚɱɟɧɧɹ ɝɪɚɞɿɽɧɬɭ
ɬɢɫɤɭ ɜ ɪɿɜɧɹɧɧɹ  (r)zW  ɨɬɪɢɦɚɽɦɨ ɧɚɫɬɭɩɧɟ
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ɪɿɜɧɹɧɧɹ ɞɥɹ ɪɨɡɩɨɞɿɥɟɧɧɹ ɲɜɢɞɤɨɫɬɟɣ ɜ
ɩɨɩɟɪɟɱɧɨɦɭɩɟɪɟɪɿɡɿɦɟɦɛɪɚɧɢ 
 
2 2
4
2(r) ( )z ɜɧ
ɜɧ
GW r r
rSU  . 
 
Ɂɚɩɢɲɟɦɨ ɪɿɜɧɹɧɧɹ ɤɨɧɜɟɤɬɢɜɧɨɝɨ
ɦɚɫɨɩɟɪɨɧɨɫɭɭɜɢɝɥɹɞɿ: 
 
2
ɪ ɪ ɪ
2
ɋ ɋ ɋD 1( )
Wz r rrWw w w w ww . 
 
ɐɟ ɪɿɜɧɹɧɧɹ ɧɚɥɟɠɢɬɶ ɞɨ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ
ɪɿɜɧɹɧɶɩɚɪɚɛɨɥɿɱɧɨɝɨɬɢɩɭ 
Ɂɚɩɢɲɟɦɨ Df (r, z)
Wz
   ɬɨɞɿ ɩɨɩɟɪɟɞɧɽ
ɪɿɜɧɹɧɧɹɩɪɟɞɫɬɚɜɢɦɨɭɜɢɝɥɹɞɿ 
 
2
ɪ ɪ ɪ
2
ɋ ɋ ɋ1f (r, z) ( )
r rrWw w w  w ww . 
 
ȼɪɚɯɨɜɭɸɱɢ ɳɨ ɮɭɧɤɰɿɹ f (r, z)  ɧɟɥɿɧɿɣɧɨ
ɡɚɥɟɠɢɬɶ ɜɿɞ ɤɨɨɪɞɢɧɚɬ r ɿ ]  ɬɨ ɞɥɹ ɪɨɡɜ¶ɹɡɚɧɧɹ
ɨɫɬɚɧɧɶɨɝɨ  ɪɿɜɧɹɧɧɹ  ɧɟɨɛɯɿɞɧɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ
ɧɚɛɥɢɠɟɧɿɚɛɨɱɢɫɥɨɜɿɦɟɬɨɞɢ 
Ɋɨɡɩɨɞɿɥɟɧɧɹ ɤɨɧɰɟɧɬɪɚɰɿɣ ɨɪɝɚɧɿɱɧɨɝɨ
ɪɨɡɱɢɧɧɢɤɚ ɜ ɦɟɦɛɪɚɧɧɨɦɭ ɟɥɟɦɟɧɬɿ  ɨɩɢɫɭɽɬɶɫɹ
ɪɿɜɧɹɧɧɹɦɞɢɮɭɡɿʀ 
 
2 2 2
2 2 2 .
ɦ ɦ ɦ ɦɋ ɋ ɋ ɋD
t x y z
§ ·w w w w  ¨ ¸w w w w© ¹  
 
Ⱦɥɹ ɰɢɥɿɧɞɪɢɱɧɨʀ ɫɢɫɬɟɦɢ ɤɨɨɪɞɢɧɚɬ ɰɟ
ɪɿɜɧɹɧɧɹɡɚɩɢɲɟɦɨɭɜɢɞɿ 
 
2 2 2
2 2 2 2
1 1ɦ ɦ ɦ ɦ ɦdC C C C CD
dt r rr r zM§ ·w w w w   ¨ ¸ww w w© ¹  . 
 
Ɋɨɡɦɿɳɭɽɦɨ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ ɧɚ  ɩɥɨɳɢɧɿ
ɫɢɦɟɬɪɿʀ ɹɤ ɩɨɤɚɡɚɧɨ ɧɚ ɪɢɫ  ɜɿɫɶ ] ɧɚɩɪɚɜɥɹɽɦɨ
ɜɡɞɨɜɠ ɨɫɿ ɟɥɟɦɟɧɬɭ Ɂɚɞɚɱɭ ɪɨɡɜ¶ɹɡɭɽɦɨ ɜ
ɰɢɥɿɧɞɪɢɱɧɿɣɫɢɫɬɟɦɿɤɨɨɪɞɢɧɚɬ 
 
 
 
Ɋɢɫ 2 ± Ⱦɨɡɚɩɢɫɭɦɚɬɟɦɚɬɢɱɧɨʀɦɨɞɟɥɿɩɪɨɰɟɫɭ
ɦɚɫɨɨɛɦɿɧɭ 
 
Ɇɚɫɨɨɛɦɿɧ ɧɚɩɪɚɜɥɟɧɨ ɜ ɪɚɞɿɚɥɶɧɨɦɭ ɧɚɩɪɹɦɿ
ɜɡɞɨɜɠ ɨɫɿ r  ɜɿɫɶ z  ɫɭɦɿɳɟɧɚ ɡ ɜɿɫɫɸ ɬɪɭɛɢ ɿ
ɦɚɫɨɨɛɦɿɧɨɦɜɡɞɨɜɠɨɫɿ z  ɧɟɯɬɭɽɦɨɬɨɦɭ 
 
0ɦɋ
z
w  w   ɬɚ 2 2 0ɦɋzw  w . 
 
Ɇɚɬɟɪɿɚɥɦɟɦɛɪɚɧɧɨɝɨɟɥɟɦɟɧɬɭ± ɿɡɨɬɪɨɩɧɢɣ
ɬɨɛɬɨɣɨɝɨɜɥɚɫɬɢɜɨɫɬɿɭɜɫɿɯɬɨɱɤɚɯɨɞɧɚɤɨɜɿəɤɳɨ
ɭɦɨɜɢɦɚɫɨɨɛɦɿɧɭɧɚɜɧɭɬɪɿɲɧɿɣɿɡɨɜɧɿɲɧɿɣɝɪɚɧɢɰɿ
ɦɟɦɛɪɚɧɧɨɝɨ ɟɥɟɦɟɧɬɭ ɩɨɫɬɿɣɧɿɨɫɟɫɢɦɟɬɪɢɱɧɿ ɬɨ
ɬɨɞɿ ɤɨɧɰɟɧɬɪɚɰɿɹ ɧɟ ɩɨɜɢɧɧɚ ɡɦɿɧɸɜɚɬɢɫɶ ɬɚɤɨɠ
ɜɡɞɨɜɠM ɬɨɛɬɨɝɪɚɞɿɽɧɬ 
 
0ɦCMw  w   ɬɚ 2 2 0ɦCMw  w . 
 
Ɂ ɭɪɚɯɭɜɚɧɧɹɦ ɰɢɯ ɜɢɪɚɡɿɜ ɪɿɜɧɹɧɧɹ
ɦɚɫɨɩɟɪɟɧɨɫɭɜɦɟɦɛɪɚɧɿɩɪɢɣɦɚɽɜɢɞ: 
 
2
2
1ɦ ɦ ɦC C CD
t r rr
§ ·w w w ¨ ¸w ww© ¹ . 
 
ɉɨɱɚɬɤɨɜɿɬɚɝɪɚɧɢɱɧɿɭɦɨɜɢ 
 
Ɏɨɪɦɭɥɸɜɚɧɧɹ ɩɨɱɚɬɤɨɜɢɯ ɭɦɨɜ ɩɨɥɹɝɚɽ ɭ
ɜɢɡɧɚɱɟɧɧɿ ɡɚɤɨɧɭ ɪɨɡɩɨɞɿɥɭ ɤɨɧɰɟɧɬɪɚɰɿʀ ɜɫɟɪɟɞɢɧɿ
ɩɨɬɨɤɭ ɪɿɞɢɧɢ ɜ ɦɟɦɛɪɚɧɿ  ɜ ɡɚɥɟɠɧɨɫɬɿ ɜɿɞ ɜɢɫɨɬɢ
ɦɟɦɛɪɚɧɢ 
Ɍɨɛɬɨ  ɩɨɱɚɬɤɨɜɿ ɭɦɨɜɢ  ɡɚɩɢɫɭɸɬɶɫɹ
ɧɚɫɬɭɩɧɢɦɱɢɧɨɦ 
 
pɧz 0,C C ;    
C
r 0, 0;
r
w  w   
ɜɧr r , C C*;   
 
ɞɟ ɋpɧ- ɩɨɱɚɬɤɨɜɚ ɤɨɧɰɟɧɬɪɚɰɿɹ ɨɪɝɚɧɿɱɧɨɝɨ
ɤɨɦɩɨɧɟɧɬɭɋ - ɪɿɜɧɨɜɚɠɧɚɤɨɧɰɟɧɬɪɚɰɿɹ 
Ƚɪɚɧɢɱɧɿ ɭɦɨɜɢ ɞɥɹ ɦɚɫɨɨɛɦɿɧɧɨʀ ɡɚɞɚɱɿ
ɪɨɡɝɥɹɞɚɸɬɶɫɹɧɚɜɧɭɬɪɿɲɧɿɣɬɚɡɨɜɧɿɲɧɿɣɩɨɜɟɪɯɧɹɯ
ɦɟɦɛɪɚɧɢ ɦɟɦɛɪɚɧɧɨɝɨ ɟɥɟɦɟɧɬɭ Ⱦɥɹ ɞɚɧɢɯ ɭɦɨɜ
ɡɚɞɚɸɬɶɫɹ ɤɨɧɰɟɧɬɪɚɰɿʀ ɨɪɝɚɧɿɱɧɨʀ ɞɨɦɿɲɤɢ ɧɚ
ɝɪɚɧɢɰɿɫɟɪɟɞɨɜɢɳɿɡɚɤɨɧɦɚɫɨɨɛɦɿɧɭɦɿɠɩɨɜɟɪɯɧɟɸ
ɬɿɥɚɿɡɨɜɧɿɲɧɿɦɫɟɪɟɞɨɜɢɳɟɦ 
ȼɪɚɯɨɜɭɸɱɢɳɨ 
 
*
ɩɪɢ   ɋ 
ɩɪɢ  ɋ
ɜɧ
ɡɨɜɧ ɝɪ
r r ɋ
r r ɋ
  ½°¾  °¿        
 
ɦɨɠɧɚ ɜɢɪɚɡɢɬɢ ɩɪɨɰɟɫɢ ɦɚɫɨɨɛɦɿɧɭ ɧɚ ɝɪɚɧɢɰɿ
ɪɨɡɩɨɞɿɥɭ   *ɩɪɢ   ɩɪɢ  
ɦ
ɜɧ ɪ ɪɧ
ɦ
ɡɨɜɧ ɉȽ ɝɪ ɩɝ
C
r r ɋ ɋ '
r
ɋ
r r ɋ ɋ '
r
E
E
w ½    °°w ¾w °    °w ¿
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ɞɟ ɪE  - ɤɨɟɮɿɰɿɽɧɬɦɚɫɨɜɿɞɞɚɱɿɜɢɯɿɞɧɨʀɫɭɦɿɲɿ ɦɫ ; 
ɉȽE  - ɤɨɟɮɿɰɿɽɧɬɦɚɫɨɜɿɞɞɚɱɿɩɚɪɨɝɚɡɨɜɨʀɫɭɦɿɲɿ ɦɫ ; 
ɪɧɋ  - ɤɨɧɰɟɧɬɪɚɰɿɹ ɨɪɝɚɧɿɱɧɨʀ ɞɨɦɿɲɤɢ ɭ ɜɢɯɿɞɧɿɣ
ɫɭɦɿɲɿ 3ɤɝɦ ; ɋ ɪ  - ɤɨɧɰɟɧɬɪɚɰɿɹɨɪɝɚɧɿɱɧɨʀɞɨɦɿɲɤɢ
ɧɚ ɜɧɭɬɪɿɲɧɿɣ ɫɬɿɧɰɿ ɦɟɦɛɪɚɧɧɨɝɨ ɟɥɟɦɟɧɬɭ 3ɤɝɦ ; 
*
ɝɪɋ - ɤɨɧɰɟɧɬɪɚɰɿɹ ɨɪɝɚɧɿɱɧɨʀ ɞɨɦɿɲɤɢ ɧɚ ɡɨɜɧɿɲɧɿɣ
ɫɬɿɧɰɿɦɟɦɛɪɚɧɧɨɝɨɟɥɟɦɟɧɬɭ 3ɤɝɦ ; ɩɝɋ  - ɤɨɧɰɟɧɬɪɚɰɿɹ
ɨɪɝɚɧɿɱɧɨʀ ɞɨɦɿɲɤɢ ɭ ɩɚɝɨɪɚɡɨɜɨʀ ɫɭɦɿɲɿ 3ɤɝɦ ; D  - 
ɤɨɟɮɿɰɿɽɧɬ ɞɢɮɭɡɿʀ ɨɪɝɚɧɿɱɧɨʀ ɞɨɦɿɲɤɢ ɜ ɦɚɬɟɪɿɚɥɿ
ɦɟɦɛɪɚɧɢ
2ɦ
ɫ ; ,ɪ ɦɋ ɋ  - ɤɨɧɰɟɧɬɪɚɰɿɹ ɨɪɝɚɧɿɱɧɨʀ
ɞɨɦɿɲɤɢ ɜ ɞɚɧɿɣ ɬɨɱɰɿ ɭ ɫɭɦɿɲɿ ɚɛɨ ɦɟɦɛɪɚɧɿ
ɜɿɞɩɨɜɿɞɧɨ 3ɤɝɦ ; 
Ɉɫɬɚɬɨɱɧɨ  ɦɚɬɟɦɚɬɢɱɧɭ ɦɨɞɟɥɶ ɩɟɪɜɚɩɨɪɚɰɿʀ
ɦɨɠɧɚɡɚɩɢɫɚɬɢɧɚɫɬɭɩɧɢɦɱɢɧɨɦ 
 
2
p p p p
2
ɋ ' ɋ ɋ1( )
t Wz r rr
w w w w ww         
2
2
1ɦ ɦ ɦC ɋ &D
t r rr
§ ·w w w ¨ ¸w ww© ¹          
ɪ ɪɧz 0, C C ;   
ɪC
r 0, 0;
r
w  w  
ɜɧ ɪ ɪr r , C C *;         *ɩɪɢ    ɩɪɢ  
ɦ
ɜɧ ɪ ɪɧ
ɦ
ɡɨɜɧ ɉȽ ɝɪ ɩɝ
ɋ
r r ɋ ɋ '
r
ɋ
r r ɋ ɋ '
r
E
E
w ½    °°w ¾w °    °w ¿
. 
 
Ɋɨɡɜ¶ɹɡɚɧɧɹɪɿɜɧɹɧɶ ɩɟɪɲɢɯɞɜɨɯɪɿɜɧɹɧɶɩɪɢ
ɩɨɱɚɬɤɨɜɢɯ ɭɦɨɜɚɯ ɿ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜɚɯ   ɞɨɡɜɨɥɹɽ
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